Abstract. We give a method of showing that certain surgered surface bundles are virtually Haken.
Introduction
A compact, orientable 3-manifold is large if it contains a properly embedded, orientable, incompressible surface. A 3-manifold is Haken if it is large and irreducible, and virtually Haken if it is finitely covered by a Haken manifold. One of the central problems in 3-dimensional topology is Waldhausen's Conjecture, which states that every closed, irreducible 3-manifold with infinite fundamental group is virtually Haken.
Major progress on this conjecture was made by Cooper and Long in [3] . One consequence of their work is that if M is a non-fibered knot manifold, then M has infinitely many virtually Haken Dehn fillings. (Here a knot manifold is a compact, irreducible 3-manifold whose boundary is homeomorphic to a torus.) Recently, Cooper and Walsh ( [4] ) showed that the same conclusion holds if M is a fibered knot manifold with
A slope on a torus T is a non-trivial isotopy class of simple closed curves on T . If M is a 3-manifold, T is a torus component of ∂M, and α is a slope on T , then M(α) denotes the manifold obtained from M by Dehn filling along a simple closed curve representing the slope α.
In this paper we show that, if a punctured surface bundle satisfies a certain condition, then it possesses infinitely many virtually Haken Dehn fillings. The condition is technical, however it gives new information, particularly if the genus of the fiber is one. A detailed treatment of the genus one case is in preparation.
To state the condition, let M be a fibered knot manifold, with a fiber F that has a single boundary component. Let F be a 3-fold cyclic cover of F with 3 boundary components, and let p be an integer such that f p lifts to a map f p : F → F , acting trivially on ∂ F . Let M p be the p-fold cyclic cover of M dual to F , and let π : M p → M p be the three-fold cover of M p corresponding to F . Since M p has three boundary components, T 1 , T 2 , T 3 , then there is a non-separating surface S in M p which is disjoint from T 1 , representing a non-trivial class The proof is in the same spirit as that of [4] . We thank Genevieve Walsh for pointing out an error in a previous version.
Proof of Theorem 1.1
If K is a knot in a 3-manifold M, then M K denotes the knot complement M − K. If β is a slope on ∂M, then we let i β : M → M(β) denote the natural inclusion map. In the following lemma, I(., .) denotes the algebraic intersection pairing on H 1 (T, Z).
Lemma 2.1. Let S be a compact, orientable surface, let K be a knot in S × I, let N(K) be a regular neighborhood of K in S × I, and let T = ∂N(K). Then there is a slope α on T , and a number N, such that, if I(α, β) > N, the surface i β (S × {0}) is not a fiber in a fibration of (S × I) K (β).
Proof. First, suppose that K is homologically non-trivial, and let n[γ] ∈ H 1 (S ×I; Z) be its homology class, where γ ⊂ S × {0} is a simple closed curve. Then there is a slope α on T which is homologous to γ n in S × I −N(K). Let β be another slope on T , and let Core(β) ⊂ (S × I) K (β) be the core curve of the Dehn filling.
, and so, if I(α, β) > n, then [i β (γ)] is not a primitive class. However, if i β (S × {0}) is a fiber, then i β | S×{0} induces an isomorphism between H 1 (S × {0}; Z) and H 1 ((S × I) K ; Z), and therefore [i β (γ)] must be a primitive class. Thus if I(α, β) > n, then i β (S × {0}) is not a fiber.
Suppose that K is homologically trivial. Then K is the boundary of an oriented surface in S × I, and there is a slope α on T represented by a simple closed curve which bounds an oriented surface in (S × I) −N (K). Let α * be a dual curve to α on T . Then {α, α * } is a basis for H 1 (T ), where α represents the trivial class in H 1 (S × I −N (K); Z), and α * represents a class in H 1 (S × I −N (K); Z) with infinite order. Therefore, if I(α, β) > 1, then H 1 ((S × I) K (β), Z) has torsion, and so (S × I) K (β) cannot be homeomorphic to S × I.
We shall also make use of the following, which is a consequence of the proof of Theorem 1.4 in [1] . We are now ready to prove the main theorem.
Theorem 2.2. Let M be a compact, orientable, irreducible, atoroidal 3-manifold, with boundary a finite number of tori, let S be a properly embedded, connected, orientable, incompressible, non-separating surface in M, which is not a fiber in a fibration, and let M n be the n-fold cyclic cover of M which is dual to S. Then there is a number N(S) > 0, depending only on the homeomorphism class of S, such that, if
Proof of Theorem 1.1 By [6] , there are at most three reducible fillings on M, so it is enough to show that there are infinitely many fillings on M which are finitely covered by 3-manifolds which are large.
Suppose that b 1 (M p ) > 3. Then every Dehn filling on M p has positive first Betti number, and so, if α is a slope on ∂M which lifts to ∂ M p , then M(α) has a finite cover which is large. Since there are infinitely many such slopes, we are done in this case. So we may assume b 1 (M p ) = 3. This implies that ∂S = ∅; we may further assume that every component of ∂S is essential in ∂ M p , by capping off any trivial components with disks.
We have assumed Condition 1: Since [π∂S] = 0 ∈ H 1 (∂M p ; Q), the boundary components of S project to a collection of embedded, parallel curves on ∂M p . Let α 1 be the slope of these curves. Let N 1 = N 1 (S) > 0 be the integer given by Theorem 2.2.
If there is a Dehn filling on T for which S becomes a fiber in a fibration, then M p −N (S) is homeomorphic to (S × I) −N (K), for some knot K. Applying Lemma 2.1, we see that there is a slope α 2 on T , and an integer N 2 > 0, such that, for any slope β on T with I(β, α 2 ) > N 2 , the surface S is not a fiber in a fibration of M p (β). Let α 2 be the slope on ∂M p which lifts to α 2 .
Let β be a slope on ∂M p satisfying the following properties: i. I(β, α 1 ) = nk, where k > N 1 and n > 1, and ii. I(β, α 2 ) > N 2 .
Let β 1 be a lift of β to T . Let ( M p (β 1 )) k be the k-fold cyclic cover of M p (β 1 ) which is dual to S. By Condition ii, S is not a fiber in M p (β 1 ), and by Claim 2, ∂( M p (β 1 )) k has exactly two components. Therefore, by Theorem [1] , there is a closed, essential surface S ′ in ( M p (β 1 )) k , and for each component δ of ∂S, there is an annulus in ( M p (β 1 )) k , with one boundary component on S ′ , and the other homotopic to a lift, δ, of δ. Also, there is a lift β of β to ( M p (β 1 )) k , with I( β, δ) = n > 1. Therefore, by two applications of [5] Theorem 2.4.3, a Dehn-filling of M p (β 1 ) k along the lifts of β will give a manifold which contains an incompressible surface. We conclude that if a slope on ∂M lifts to a slope β satisfying Conditions i and ii, then the corresponding Dehn filling of M has a finite cover which is large. Since there are infinitely many such slopes on ∂M, Theorem 1.1 follows.
